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Abstract 

On the product of two Finsler manifolds Mi x M2, we consider the 
twisted metric F which is construct by using Finsler metrics -Fi and F2 
on the manifolds Mi and M2, respectively. We introduce horizontal and 
vertical distributions on twisted product Finsler manifold and study C- 
reducible and semi-C-reducible properties of this manifold. Then we ob- 
tain the Riemannian curvature and some of non-Riemannian curvatures 
of the twisted product Finsler manifold such as Berwald curvature, mean 
Berwald curvature and we find the relations between these objects and 
their corresponding objects on Mi and Ah- Finally, we study locally du- 
ally flat twisted product Finsler manifold. 

Keywords: Twisted product Finsler manifold, non-Riemannian curva- 
ture, locally dually fiatQ 



1 Introduction. 

Twisted and warped product structures are widely used in geometry to con- 
struct newexamples of semi-Riemannian manifolds with interesting curvature 
properties, (see f3] [12] [13] [H] lU ) ■ Twisted product metric tensors, as a gener- 
alization of warped product metric tensors, have also been useful in the study of 
several aspects of submanifold theory, namely, in hypersurfaces of complex space 
forms T^, in Lagrangian submanifolds [7_ and in decomposition of curvature 
netted hypersurfaces [12], etc. 

The notion of twisted product of Riemannian manifolds was mentioned 
first by Chen in [S], and was generalized for the pseudo- Riemannian case by 
Ponge and Reckziegel [22]. Chen extended the study of twisted product for 
CR-submanifolds in Kahler manifolds [B]. 

On the other hand, Finsler geometry is a natural extension of Riemannian 
geometry without the quadratic restriction. Therefore, it is natural to extend- 
ing the construction of twisted product manifolds for Finsler geometry. In 
[IB] . Kozma-Peter-Shimada extended the construction of twisted product for 
the Finsler geometry. 



1 2010 Mathematics subject Classification: 53C60, 53C25. 



1 



Let (Ml, Fi) and (M2, F2) are two Finsler manifolds with Finsler metrics Fi 
and F2, respectively, and / : Mi x M2 — > R'^ be a smooth function. On the 
product manifold Mi x M2, we consider the metric 



F{vi,V2) = ^F^{vi) + p{x,y)Fi{v2) 



for all {x,y) G Mi x M2 and (ui,W2) 6 TMi° x TM^, where TMi° is the slit 
tangent manifold TMi" = TMi \ {o}. The manifold Mi x M2 endowed with this 
metric, we call the twisted product of the manifolds Mi and M2 and denote it 
by Ml X f M2. The function / will be called the twisted function. In particular, 
if / is constant on M2 , then Mi x f M2 is called warped product manifold. 
Let (M, F) be a Finsler manifold. The second and third order derivatives 
^F^ at y G TxMq are the symmetric trilinear forms gy and Cy on T^M, 
which called the fundamental tensor and Cartan torsion, respectively. A Finsler 
metric is called semi- C- reducible if its Cartan tensor is given by 

P Q 
Cijk — — {hijik + hjkh + hkiJj} + -p^Iiljlk, 

where p = p{x, y) and q = q{x, y) are scalar function on TM , hij is the angular 
metric and — Pli |T7]. If g = 0, then F is called C-reducible Finsler metric 
and if p = 0, then F is called C2-like metric. 

The geodesic curves of a Finsler metric on a smooth manifold M, are 
determined by the system of second order differential equations iS" + 2G^{c) = 0, 
where the local functions G* = G^{x,y) are called the spray coefficients. F is 
called a Berwald metric, if G" are quadratic in y S TxM for any x € M. Taking 
a trace of Berwald curvature yields mean Berwald curvature E. Then F is said 
to be isotropic mean Berwald metric if E = 2i±ici^~ih, where h = hijdx"^ ® dx^ 
is the angular metric and c = c{x) is a scalar function on M [19] . 

The second variation of geodesies gives rise to a family of linear maps Rj, = 
Wf.dx^ (g) -^\x '■ TxM TxM at any point y € TxM. Ry is called the Riemann 
curvature in the direction y. A Finsler metric F is said to be of scalar flag 
curvature, if for some scalar function K on TMq the Riemann curvature is in 
the form i?'^. — K.F^h'j. If K = constant, then F is said to be of constant flag 
curvature. 

In this paper, we introduce the horizontal and vertical distributions on tan- 
gent bundle of a doubly warped product Finsler manifold and construct the 
Finsler connection on this manifold. Then, we study some geometric proper- 
ties of this product manifold such as C-reducible and semi-C-reducible. Then, 
we introduce the Riemmanian curvature of twisted product Finsler manifold 
(Ml X f M2, F) and find the relation between it and Riemmanian curvatures of 
its components (Mi,_Fi) and (M2,i^2)- In the cases that {Mi x f M2,F) is flat 
or it has the scalar flag curvature, we obtain some results on its components. 
Then, we study twisted product Finsler metrics with vanishing Berwald cur- 
vature and isotropic mean Berwald curvature, respectively. Finally, we study 
locally dually flat twisted product Finsler manifold. We prove that there is not 
exist any locally dually flat proper twisted product Finsler manifold. 
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2 Preliminary 



Let M be an n-dimensional C°° manifold. Denote by TxM the tangent space 
at X G M, by TM = U^^mT^M the tangent bundle of M, and by TM° = 
TM \ {0} the slit tangent bundle on M piT. A Finsler metric on M is a 
function F : TM [0, oo) which has the following properties: 

(i) F is C°° on TM°; 

(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM; 

(iii) for each y g T^M, the following quadratic form gj^ on T^M is positive 
definite, 

1 9^ 

gyiu,v) := 2 [F'^iy + su + tv)] \s,t=a, u,v e T^M. 

Let X € M and F^ :— F\t^m- To measure the non-Euclidean feature of F^, 
define Cy : T^M ® T^M (g) T^M ^ R by 

Cy{u,v,w) := [gy+tw{u,v)] |t=o, u,v,w e T^M. 

The family C := {Cy}y^TM° is called the Cartan torsion. It is well known that 
C = if and only if F is Riemannian [23] . 

For y e TxM°, define mean Cartan torsion ly by ly{u) :— Ii{y)u^, where 

Ii := g^'^Cijk, Cijk = and u = u^-^\^. By Deicke's Theorem, F is 

Riemannian if and only if ly = 0. 

Let {M,F) be a Finsler manifold. For y e T^M", define the Matsumoto 
torsion Mj^ : T^M (g) T^M T^M R by My{u, v, w) := Mijk{y)u'v^w'' where 

hij := FFyiyj is the angular metric. In |16j). it is proved that a Finsler metric F 
on a manifold M of dimension n > 3 is a Randers metric if and only if Mj, — 0, 
Vy G TMq. a Randers metric F = a + (3 on a manifold M is just a Riemannian 
metric a = -\/ aijy^y^ perturbated by a one form /3 = bi{x)y^ on M such that 
II/3|U<1. 

A Finsler metric is called semi-C-reducible if its Cartan tensor is given by 

Cijk = — — {hijik + hjkli + hkilj} + -p^Idjlk, 

where p — p{x, y) and q — q{x, y) are scalar function on TM and ~ Pli 
with p + q — 1. In [17], Matsumoto-Shibata proved that every (a, /3)-metric on 
a manifold M of dimension n > 3 is semi-C-reducible. 

Given a Finsler manifold {M,F), then a global vector field G is induced 
by F on TM°, which in a standard coordinate {x^,y'^) for TM° is given by 
G^y^^-2&ix,y)^, where 



d2p2 Qp2 



dx^dy^ dx^ 



y e T,M. 
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G is called the spray associated to (M, F). In local coordinates, a curve c{t) is 
a geodesic if and only if its coordinates (c*(t)) satisfy P + 2G*(c) = [2]- 

A Finsler metric F = F{x, y) on a manifold M is said to be locally dually flat 
if at any point there is a coordinate system (x*) in which the spray coefficients 
are in the following form 

1 

2' 

where H = H{x, y) is a C°° scalar function on TM° satisfying H{x, Ay) = 
X^H{x,y) for all A > 0. Such a coordinate system is called an adapted coordi- 
nate system. In ^3], Shen proved that the Finsler metric F on an open subset 
/7 C M" is dually flat if and only if it satisfies {F'^)^kyiy^ — 2{F'^)^i. 

For a tangent vector y e T^M", define By : T^M^T^M^T^M T^M and 
: T,M®T,M ^ R by By(u,v,w) := ^f^i{y)u3v^w^ and ^y{u,v) := 
Ejk{y)u^v^ where 

B and E are called the Bcrwald curvature and mean Berwald curvature, respec- 
tively. Then F is called a Berwald metric and weakly Berwald metric if B = 
and E = 0, respectively It is proved that on a Berwald space, the parallel 
translation along any geodesic preserves the Minkowski functionals 

A Finsler metric F is said to be isotropic Berwald metric and isotropic mean 
Berwald metric if its Berwald curvature and mean Berwald curvature is in the 
following form, respectively 



E,j = -{n + \)cF-^h,j, (2.2) 



jkl — C{Fy]yk5'^l + FykylS^j Fylyj6\ + Fyjykyiy'^}, (2 .l) 

1 

2* 

where c — c{x) is a scalar function on M [5] [IS] . 

The Riemann curvature Ry = R\dx^ ® ■ T^M — T^M is a family of 

linear maps on tangent spaces, defined by 

^ 2^ - y^^^ + 2&^^ ~ (2 .3) 

dx^ dx^dy^ dyWy'' dy^ dy^ 

The flag curvature in Finsler geometry is a natural extension of the sectional 
curvature in Riemannian geometry was first introduced by L. Berwald For 
a flag P = span{y,M} C T^M with flagpole y, the flag curvature K = K{P,y) 
is defined by 

K(P, y) Sy{u,Ry{u)) ^2 .4) 

Sy{y,y)sy{u,'u) - Sy{y,u)'^ 

We say that a Finsler metric F is of scalar curvature if for any y e T^M, the 
flag curvature K = K(a;, y) is a scalar function on the slit tangent bundle TM° . 
If K = constant, then F is said to be of constant flag curvature. 
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3 Nonlinear Connection 

Let {Mi,Fi) and (Af2,-F2) be two Finsler manifolds. Then the functions 

Wff».(^'2/)=2^^^' i'')9.p{u,v) = - g^^g^^ , (3.5) 

define a Finsler tensor field of type (0, 2) on TM^ and TAfj , respectively. Now 
let (Ml X fM2,F) be a doubly warped Finsler manifold, x = {x,u) G M, 
y = (y, w) e TxAf, M = Ml X M2 and T^M = TrAfi © r„M2. Then by using 
(|3 .5p we conclude that 



1 d^F^{x,u,y,v) \ ^ r 5y 

2 ay^y^ J [ pga(i 



(3 .6) 



where y° = (y%w"), g,y = ga/3 = /^3a/3, g^^ = Saj = 0, ... G 
{1, . . . a,^, . . . e {1, . . . ,^2} and a, 6, . . . G {1, . . . , ni +712}. 

Now we consider the the spray coefficients of Fi , F2 and F as 

1 / FflF^ BF^\ 
d^F? « dF?^ 



Taking into account the homogeneity of both F^ and and using p .7p and 
P .8p . we can conclude that G* and G" are positively homogeneous of degree 
two with respect to (y*) and {v"), respectively. Hence from Euler theorem for 
homogeneous functions, we infer that 

i|^^ =2G^ and = 2G". 

By setting a = i in p .9p we have 

r.^r ^ ^ ( d^F^ , , d^F^ . dF' 

G\x, u, y, v) = -g'" Tmnv' + imn:^ 



4" Kdy'^dx^" dy'^du"' dx^ 
Direct calculations give us 

dF^^dFl^df^p2^ 
dx^ dx^ dx^ ^ ' 

dy^dx^ dy^dx^ 
dy''du°' ~ 
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Putting these equations together g*'' = g*^ in the above equation and using 
(|3~7)) imply that 

1 



G'ix,u,y,v)^G\x,y)~^frFl 
Similarly, by setting a = a in p .9^ and using (j3 .8p we obtain 



(3 .10) 



G'^ix, u,y, v) ^ G^{u,v) + r^f.v'^y^ + fxv^v^ ~ -f^g^-'F^), (3 .11) 

where /, = §t, = f = g^'^f^ and p = g^y^- Therefore we have 

G° = (G\ G"), where G°, G* and G" are given by (l3~9l) . (l3~T0|) and (|3~TT]) . 
respectively. 
Now, we put 



W G?:=^, («) G}:=^, (m) 



Then we have the following. 

Lemma 1. The coefficients G1 defined by \3 satisfy in the following 



(3 .12) 



(^Gl{x,u,y,v)j = 



G^j{x,u,y,v) G°'{x,u,y,v) 
G'p{x,u,y,v) Gp{x,u,y,v) 



where 



G'j{x,u,y,v) 

G'p{x,u,y,v) 
G'j{x,u,y,v) 
G"{x,u,y,v) 



dG_ 

dyi 

dy^ 
dG°' 



G] + CfffhFi, 

G^ + f-^C^y^Fi + f,y^6^ - rvp 
+fpv^ + f.vy^). 



(3 .13) 

(3 .14) 

(3 .15) 

(3 .16) 

(3 .17) 



Next, VTM° kernel of the differential of the projection map 

TT := (tti, TTa) : TM^ © TM!^ -J> Mi x Afa, 

which is a well-defined subbundle of TTM°, is considered. Locally, T{VTM°) 
is spanned by the natural vector fields { , ■ ■ ■ , ; gfr , ■ • ■ , } and it is 
called the twisted vertical distribution on TM° . Then, using the functions given 
by (13 .I4p - (I3 .171) . the nonholonomic vector fields are defined as following 



,5* 

S^x^ 


d 

dx^ 


& ^ 

' dy' 


p/3 d 

' dvP ' 


(3 


5' 


d 

~ 'dvF 


G= ^ 

"dyJ 


G^ ^ 


(3 
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which make it possible to construct a complementary vector subbundle HTM° 
to VTM° in TTM° as follows 

, (5* 5* (5* 5* , 
HTM \— span{——,. . . ,Tr-ri---7T; }• 

HTAI° is called the twisted horizontal distribution on TM° . Thus the tangent 
bundle of TM° admits the decomposition 

TTM° ^ HTM° ® VTM°. (3 .20) 

It is shown that G := (G^) is a nonlinear connection on TM = TMi ® TM2. 
In the following, we compute the non-linear connection of a twisted product 
Finsler manifold. 

Proposition 1. If {Mi x fM2,F) is a twisted product Finsler manifold, then 
G — {GD is the nonlinear connection on TM . Further, we have 

dG"., . dG) 



dG"". , dG'^ 



Definition 1. Using decomposition US .20\} . the twisted vertical morphism : 
TTM° -> VTM° is defined by 

w/iere 

(5*?;* dy' + G)dx^ + G'^du^ , (3 .21) 

S'v" dt;" + G'^dx^ + G'^du'^ . (3 .22) 

For this projective morphism, the following hold 

d d d d 6* 5* 

From the above equations, we conclude that 

(v*)2 = v\ and ker(u*) = HTM°. 
This mapping is called the twisted vertical projective. 
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Definition 2. Using decomposition \3 .20\) . the doubly warped horizontal pro- 
jective : TTM° HTM° is defined by 

or 

h* = (g) dx' + -:- ® rfu". 

For this projective morpliism, tlie following hold 
Thus we result that 

{h^f = h\ and ker(/i*) = VTM°. 

Definition 3. Using decomposition 13 .20\} . the twisted almost tangent structure 
J* : HTM° VTM° is defined by 

d d 
J*- : —- ® dx' + - — ® du°', 

or 

Thus we result that 

[J^f = 0, and ker J* = /m J* = FTAf°. 

Here, we introduce some geometrical objects of twisted product Finsler mani- 
fold. In order to simplify the equations, we rewritten the basis of HTM° and 
VTM° as follows: 

(5* 5* (5* 



Thus 



(? d-d 
—— = —J' + — — ^" 



(5* 5 
TTM° ^ span{-—,—}. 



The Lie brackets of this basis is given by 



R^T^. (3 -23) 



] = Glb^^ (3-24) 



TTTf] = 0' (3 -25) 
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where 



« ^'a. = ^ - (3 .26) 

G'ab = -g^- (3 .27) 



Therefore, we have the following. 
Corollary 1. Let (Mi x fM2,F) be a twisted product Finsler manifold. Then 

DC / Tfk Tfk Tfk Tfk Tfy Tfl Tf7 Tfl \ 

a6 — V-"- 5 i;8> aji a/J) y ; i/J' aj' a/sJ 

w/iere 



Tfk 




<5*G) 

(5*a;* ' 


Tfk 

i/3 


<5*Gf 


5*G^ 


Tfk 






Tfk 




<5*G^ 






5*x^ ' 




6'GJ 


^*G^ 










<5*G2 





With a simple calculation, we have the following. 

Corollary 2. Let (Mi x fM2,F) he a twisted product Fin-sler manifold. Then 

j^c / y^/c ^k j"tk f~ik r~<7 r-iTi j-rf \ 

"a6 — "■j/S' "aj> "■a/3> "'ij) "i^> "aj' "'a^ai 



where 



/-^k ^ y^fe I ^kh f f J7i2 /~tk 

^ij - - '^ij + '^i;jJJh^2 - Gj 

9G^ 

^'/^ ^ 'dv^ ^ 2Gf''//?,?;/3 = 

f)(~<k 

/^k ^ f fk ^ rik 



k 

ji' 
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where C^.j — -gp-- Apart from G^f^, the functions i^j, given by 



Corollary 3. Let (Mi x fM2,F) he a twisted product Finsler manifold. Then 

pc I Ji^ py PT^l 

^ ab ~ ij' ^ ip^ ■'^ ajT'^ uPt'^ ijT-'^ ip^-'^ ajT-'^ apl 

where 

4 = - {M]Ci + MIC^, - M,:C.,,/'') , (3 .29) 

J*g = -GJ^Cjy = 4, (3 .30) 

= -ffgcp + fg"'' Glc^px. (3 .31) 

J7^. ^rV'G',Q„,, (3.32) 
J?, = /-V.^^ - G?C2^ = (3 .33) 

= Flp + - (^^,"^2, + Ml^C}^ - M^.C^p.g-") , (3 .34) 

2^ ^5x1 Sx' Sx'^'' 

2^ ^ 5uP SW^ 5u^ 
Ml = Cl^'ffhFl 

Proof. By using p .28^ we have 

Since gij is a function with respect to {x,y), then by p .141 and p .18^ we 
obtain 



S^ghi 5g, 



hi 



d*x^ 6x^ 

Interchanging i, j and h in the above equation gives us 
'>*ghj _ 5ghj 



S^x'^ Sx"^ 
S^gij „ 5g,j 



2MW, 



hjr 



2M,;C, 



Putting these equation in p ■35p . give us p .29p . In the similar way, we can 
prove the another relation. □ 
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By using (i) of p .12^ and p .29p - p .34p . we can conclude the following. 



Lemma 2. Let (Mi x fM2,F) be a twisted product Finsler manifold. Then 
ifF^^ = Gl, where F^^ and Gl are defined by IfT:^) and (i) of re- 
spectively. 

The Cartan torsion is one of the most important non-Riemannian quantity 
in Finsler geometry and it first introduced by Finsler and emphased by Cartan 
which measures a departure from a Riemannian manifold. More precisely, a 
Finsler metric reduces to a Riemannian metric if and only if it has vanishing 
Cartan torsion. The local components of Cartan tensor field of the twisted 
Finsler manifold (Mi x fM2,F) is defined by 

Ca 1 ae ^Sbe 

be — og 



2'' dy" ■ 

From this definition, we conclude the following. 

Lemma 3. Let C*j and C^^ be the local components of Cartan tensor field 
Ml and M2, respectively. Then we have 

r' — I r*- r*- r*- r*^ r<l r<l r<l r<i \ 

^ab — \^%3^ ^ipi ^aji ^al3^ ^ij^ ^ifi^ *-^aj^ ^a/S)' 

where 



2^ dyi^ 



"'3 " 2^ dv^ ~ 

and C^p — — C^^ = GJ^ — GJp — G^j = 0. 

By using the Lemma [3l we can get the following. 

Corollary 4. Let (Mi x fM2,F) be a twisted product Finsler manifold. Then 
{Ml X fM2,F) is a Riemannian manifold if and only if {Mi., Fi) and {M2,F2) 
are Riemannian manifold. 



Various interesting special forms of Cartan tensors have been obtained by 
some Finslerians [17]. The Finsler spaces having such special forms have been 
called C- reducible, C2-like, semi-C- reducible, and etc. In [15], Matsumoto in- 
troduced the notion of C-reducible Finsler metrics and proved that any Randers 
metric is C-reducible. Later on, Matsumoto-Hojo proves that the converse is 
true too [IB] . 

Here, we define the Matsumoto twisted tensor M.abc for a twisted product 
Finsler manifold (A/i x fAl2,F) as follows: 

Mabc = Cabc —{lahbc + Ib^^ac + Ichafc}, 
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where la = g'"'Cabc, Cabc = Scd^tb ^nd haft = g^ft - ^YaYb- By attention to 
the above equation and relations 



^ijk — ^ijk^ — / 

we obtain 

-■! Ir.ia^h -v-iVL.) — - 

n + 

Contracting the above equation in y^y'' give us 



If 1 1 

^"J*^ = ~:;:;ir[Y'^^3jk - -^yjVk) - -^va{ijyk + hyj)y 



f2 Tp2 Tp2 

Similarly, we obtain 

f2 tj2 p2 

Therefore if M^^a = ^ajk = 0, then we get li = 1^ = 0, i.e., (Mi,Fi) and 
(M2,-F2) are Riemannian manifolds. Thus we have 

Theorem 1. There is not exist any C-reducible twisted product Finsler mani- 
fold. 

Now, we are going to consider semi-C-rcduciblc twisted product Finsler man- 
ifold (Ml X fM2,F). Let (Mi x /M2,F) be a semi- C-reducible twisted product 
Finsler manifold. Then we have 



P Q 

Cabc = — —- rjlahhc + Ifthac + Ic^^ab} + T;2^alfclc> 



where = and p and q are scalar function on Mi x /M2 with p + q = 1. 
This equation gives us 

P ( 1 19 

= C„jk = ^^--^|/a(5'jfc - p^yjVk) - -p2^«(-fjyfc + + -^laljh- 

Contraction the above equation with y^y^ implies that 

pfFlFll^=Q. 

Therefore we have p = or Jq, = 0. If p = 0, then F is C2-like metric. But if 
p 7^ 0, then la = 0, i. e., F2 is Riemannian metric. In this case, with similar 
way we conclude that Fx is Riemannian metric. But, by definition F can not 
be a Riemannian metric. Therefore we have 

Theorem 2. Every semi- C-reducible twisted product Finsler manifold (Mi x 
fM2,F) is a C2-like manifold. 
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4 Riemannian Curvature 

The Riemannian curvature of twisted product Finsler manifold (Mi x fM2,F) 
with respect to Berwald connection is given by 

■pa _ be " -"^ , -pa -rpe -rria Trie /a oa\ 

cd - - + de^ be - ce^ bd- (4: .6b) 

Lemma 4. Let {Mi x f M2, F) he a twisted product Finsler manifold. Then we 
have 

ija _ „,b Ij a 

^ cd — y -^b cdJ 

,.b i 



where R°-^^ and ■if'R^''^^ are given by .27\ ) and |^ .36^ . 
Proof. By using (|4 .36^ . we have 

y'^bM = - + y'^lFi,. - yTLF^,. (4 .37) 

By using CoroUary [3] and Lemma [51 we obtain 



S'FL S'Gl p. G^+F^.Gf, (4.38) 



y^FLFg, = rLG^ + rj^G^. (4.39) 
Interchanging i and j in the above equation imply that 

y'TLFg^^F^^Gf +F^^G^ (4.41) 

Setting (14381) . (ITTM]) . (l4:40| and (ITTiT]) in (l437| give us y^'R^'fe, = R^;. In 
the similar way, we can obtain this relation for another indices. □ 



Using (j4 .36p . we can compute the Riemannian curvature of a twisted prod- 
uct Finsler manifold. 

Lemma 5. Let (Mi x M2,F) be a twisted product Finsler manifold . Then 
the coefficients of Riemannian curvature are as follows: 

dF^ AL^ 

+f~^g'^-<cr^G:!;cic,kra} - } (4 .42) 

r (5* 

+ G^G^acf,}-£f. (4.43) 
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(/,5|-/G;C^"j}-£^. (4.44) 



■tm f~is f^i f^T 



-GlCl{F[:^ + N^^^-M^^^). (4.45) 

. 5* i ^* i i i i s r 

-f-'G^^Clifo^t - fG';C^,) + G^ffCUFJi - MJ;) 

G^.CMfS^^ - fGlg'^C^^^) (4 .46) 



R 



a /3A = { - ^iffac.^ - fg^'Gt^Co.e^) + fGlcUfgo 



a/3 



M„^,)}-£^. (4.47) 



R 



+r'G;.CMfig^' - fGfczn} - • (4 .48) 



-fcr^c^^j) - r\frPp - SG'^^ci^w], Mj,) 

-rh''^ G'.CMFl + Nl - Ml). (4 .49) 

-f-'g-'^GlCj^Mhgo.p - fGlC^p^) + r\.fi5l 
-fGtC;,)iF^, + - M^,) + r'G%Cl{fr5} 
-fG^CjJ - r\fiS^ - fGtCt,){Fl + Nl - M^). (4 .50) 
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-"-a kl 



{f,6-p - /G^^c^j - f-'cr^q^ifrSi - /G^fcL)} - (4 .51) 

{hSi - fGlCL) - r'Gl.C^g^'^CtC,,^} - Cf. (4 .52) 
Hg^^'Slfs - fg^^G-^ClJig^pfr ~ fG'^C^^,)} - C^} (4 .53) 



whe 



M;, = MIC], + MJCL - Mlg"^C,kr, 



^ r\USl + - hg^^g^p) 
and denotes the interchange of indices i, j and subtraction. 

By the Theorem m we have the following. 

Theorem 3. Let {Mi x / A/2, F) be a flat twisted product Finsler manifold and 
{Mi,Fi) is Riemannian. If f is a function on M2, only, then {Mi,Fi) is locally 
flat. 

Similarly, we get the following. 

Theorem 4. Let {Mi x /A/2, F) be a flat twisted product Finsler manifold and 
(A/2,/^2) 'is Riemannian. If f is a function on Mi, only, then (A/2,/^2) is a 
space of positive constant curvature WgradfW^. 

Proof. Since A'/2 is Riemannain and / is a function on Mi, then by (j4 .531) . we 
obtain 

^^px = R2px + \\9radf\\^{5lg^p - 5}g^^). (4 .54) 

Since {Mi x /A/2, F) is flat, then R^'''^;^ = 0. Thus the proof is complete. □ 

Theorem 5. Let (A/i x fM2,F) he a twisted product Riemannian manifold 
and f he a function on A/2, only. Then (A/i x fM2,F) is flat if and only 
if (A/i,Fi) is flat and the Riemannian curvature of (A^2,-F2) satisfies in the 
following equation: 



Ra\x = + FlK. + nJ.f;:, + N^N!^,} - . (4 .55) 
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5 Twisted Product Finsler manifolds With Non- 
Riemannian Curvature Properties 

There are several important non-Riemannian quantities such as the Berwald 
curvature B, the mean Berwald curvature E and the Landsberg curvature L, 
etc |26| . They all vanish for Riemannian metrics, hence they are said to be non- 
Riemannian. In this section, we find some necessary and sufficient conditions 
under which a twisted product Riemannian manifold are Berwaldian, of isotropic 
Berwald curvature, of isotropic mean Berwald curvature. First, we prove the 
following. 

Lemma 6. Let (Mi Xf M2,F) be a twisted product Finsler manifold . Then 
the coefficients of Berwald curvature are as follows: 



+2Crf,g^^ - 2C„^Ar), (5 .56) 

B^M - B^,i + fC^JhFi, (5 .57) 

B'y^i = 2/C,';fA«^, (5 .58) 

B'^pi = 2/.g„^CfVh, (5 .59) 

Blpx - ~VCo.pxf\ (5 .60) 

Bl^^Bl^=Bl,^Q. (5.61) 



Let {Ml X /Af2, F) is a Berwald manifold. Then we have B^^^, — 0. By using 
(|5 .60p . we get 

Cal3\f^ = 0. 

Multiply this equation in gkr we obtain 

Capxfr = 0. 

Thus if / is not constant on Mi, then we have Cai3\ = 0. Also, from (|5 .59|) we 
result that 

C^'^fh = 0. 

Differentiating this equation with respect gives us 

A = 0. 

Similarly we obtain 

^lj;ifh = 0. 

Setting the last equation in (|5 .57p implies that Bfj^ = 0, i. e., {Mi,Fi) is 
Berwaldian. These explanations give us the following theorem. 

Theorem 6. Let {Mi x f M2, F) be a twisted product Finsler manifold and f is 
not constant on Mi. Then {Mi x f M2, F) is Berwaldian if and only if {Mi, Fi) 
is Berwaldian, {M2,F2) is Riemannian and the equation G^^fh — is hold. 
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But if / is constant on Mi, i.e., fi — 0, then we get the following. 

Theorem 7. Let {Mi x f M2,F) he a twisted product Finsler manifold and f 
is constant on Mi . Then (Mi x f M2 , F) is Berwaldian if and only if {Mi , Fi ) 
is Berwaldian and the Berwald curvature of (M2,i^2) satisfies in the following 
equation: 

Kpx = -r\C}':^.JuFi + 2CjJ,v^ + 2Cirj.v^ + 2Cr/..9A/3 

+2C}';j,v^ + 2C7/,5Aa + 2C7/,5,;3 - 2g^''Co.pxfu) (5 .62) 

Here, we consider twisted product Finsler manifold (Afi x /Af2, F) of isotropic 
Berwald curvature. 

Theorem 8. Every isotropic Berwald twisted product Finsler manifold {Mi x f 
M2 , F) is a Berwald manifold. 

Proof. Let (A/i x j M2, F) be an isotropic Berwald manifold. Then we have 

= cF-^{K^bc + h^hac + h^h^b + 2Cabcy''}, 

where c = c(x) is a function on M . Setting a=j,b = k, c = l,d = ^ and using 
(|5 .61|) imply that 

3 

cF~'^{^yjykyiv'^ - v'^ivjgki + yugji + yi9jk)} = 0. 

Multiplying the above equation in y^y^ , we derive that c/^Fl'^i^| = 0. Thus we 
have c = 0, i.e., (Mi x / M2) is Berwaldian. □ 

Now, we are going to study twisted product Finsler manifold of isotropic 
mean Berwald curvature. For this work, we must compute the coefficients of 
mean Berwald curvature of a twisted product Finsler manifold. 

Lemma 7. Let {Mi x f M2, F) be a twisted product Finsler manifold. Then the 
coefficients of mean Berwald curvature are as follows: 

E^p = E^f, + fg^pl'^fn + Ifl'fo.-.phFi + f-'fACZpVi + I>p + /;Va 



+C:^+r5a/3), (5.63) 

E^, = E,, + \fL'^^JnFl (5 .64) 

E^p = fl^jhvp, (5 .65) 

where Eij and Eap are the coefficients of mean Berwald curvature of {Mi , Fi ) 
and {M2,F2), respectively. 

Proof. By definition and Lemma |6l we get the proof. □ 
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Theorem 9. The twisted product Finsler manifold (Mi x/ M2,F) is weakly 
Berwald if and only if {Mi,Fi) is weakly Berwald, I^fh — and the following 
hold 

Ecp = -\fI'^o.;pIuFi - f-^fuiCl^pV, + I^^vp + + + rg^p). (5 .66) 

Proof. If {Ml X f M2) be a weakly Berwald manifold, then we have 

Eq^ = Ey = 'Eiif! — 0. 
Thus by using (|5 .65p we result that l!lfh — 0. This equation implies that 

I^j.Jh^O, and I'^fh^O. 

By setting these equations in (|5 .631) and (|5 .64^ we conclude that Eij = and 
£^ct^ satisfies in (|5 .66p . □ 

Now, if / is constant on M2, then (j5 .66p implies that Eai3 — 0. Thus we 
conclude the following. 

Corollary 5. Let (Mi x f M2,F) be a twisted product Finsler manifold and f 
is a function on Mi, only. Then (Mi x f M2, F) is weakly Berwald if and only 
if (Ml, Fi) and {M2,F2) are weakly Berwald manifolds and I^fh = 0. 

Now, we consider twisted product Finsler manifolds with isotropic mean 
Berwald curvature. It is remarkable that as a consequence of Lemma [3 we have 
the following. 

Lemma 8. Twisted product Finsler manifold (Mi x f M2, F) is isotropic mean 
Berwald manifold if and only if 

Eo.p + fga.^l'^fh + \fI.c.,fif.Fi + /- V.(Cr^*^7 + + 

n + 1 P 
+ rg^p) - -^cf^F-\g^p - J^v^vf,) ^ 0, (5 .67) 

1 n+1 1 

E^J + l^fI^,^hFi - -^cF-\g,, - —y,y,) = 0, (5 .68) 

c{n + l)F~^y, + fl^fh = 0, (5 .69) 

where c = c{x) is a scalar function on M . 



Theorem 10. Every twisted product Finsler manifold (Mi xj M2,F) with 
isotropic mean Berwald curvature is a weakly Berwald manifold. 

Proof. Suppose that F is isotropic mean Berwald twisted product Finsler metric. 
Then differentiating (|5 .69^ with respect v'^ gives us 

c{n + l)f^F-'>v^y, = 

Thus, we conclude that c = 0. This implies that F reduces to a weakly Berwald 
metric. □ 
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6 Locally Dually Flat Twisted Product Finsler 
Manifolds 

In [T] , Amari-Nagaoka introduced the notion of dually flat Riemannian metrics 
when they study the information geometry on Riemannian manifolds. Infor- 
mation geometry has emerged from investigating the geometrical structure of a 
family of probability distributions and has been applied successfully to various 
areas including statistical inference, control system theory and multi-terminal 
information theory. In Finsler geometry, Shen extends the notion of locally du- 
ally flatness for Finsler metrics [24]. Dually flat Finsler metrics form a special 
and valuable class of Finsler metrics in Finsler information geometry, which play 
a very important role in studying flat Finsler information structure [S] [28] . 

In this section, we study locally dually flat twisted product Finsler metrics. 
It is remarkable that, a Finsler metric F = F(x, y) on a manifold M is said 
to be locally dually flat if at any point there is a standard coordinate system 
(x",y") in TM such that it satisfies 



In this case, the coordinate (x°) is called an adapted local coordinate system. 
By using ()6 .70p we can obtain the following lemma. 

Lemma 9. Let (Mi x f M2, F) be a twisted product Finsler manifold. Then F 
is locally dually flat if and only if Fi and F2 satisfy in the following equations 

/ (6.71) 



dx'^dy' " dx 



"^h-Py + Z^^-" + = 2/^ + Af.Fl (6 .72) 

Now, let F be a locally dually flat Finsler metric. Taking derivative with 
respect to v'* from (|6 .7ip yields fi — 0, which means that / is a constant 
function on Mi. In this case, the relations (|6 .7ip and (|6 .72p reduce to the 
following 

= 2^, (6 .73) 

dx^dy^ dx'- ' 

By (|6 .731) . we deduce that Fi is locally dually flat. 

Now, we assume that Fi and F2 are locally dually flat Finsler metrics. Then 
we have 



dx'^dy' dx' 
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By ([5~75]) and (|5~75| . we derive that (|B~7T|) and (I5~7^ are hold if and only if 
the following hold 

fi = 0, fa.V0v" = fpFl (6 .77) 

Therefore we can conclude the following. 

Theorem 11. Let {Mi x f M2,F) be a twisted product Finsler manifold. 

(i) If F is locally dually flat then Fi is locally dually flat, f is a function with 

respect (u") only and F2 satisfy in \6 . 74^ . 

(a) If Fi and F2 are locally dually flat. Then F is locally dually fiat if and only 
if f is a function with respect (u") only and F2 satisfies in ^6 .77^ . 

By Theorem [11] we conclude the following. 

Corollary 6. There is not exist any locally dually flat proper twisted product 
Finsler manifold. 
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